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This appendix contains various analytical derivations for the equations in the main text
of the paper. More material related to this paper is available at www.waelde.com/pub.
The page contains the matlab code for the numerical solution, some explanations on how
to use this code, more background on Volterra equations as used here in (19), the code for
estimation including data and an introduction to this estimation code.

A.6 The model
A.6.1 First-order condition for effort

The subjective arrival rate p (¢ (s)8,p(s)), introduced in the main text just before (5),

given the functional form (25) reads p (¢ (s)0,p(s)) = (1 =p(s))ng+p(s)n)[o(s)0]".
The first-order condition (8) then obviously requires to compute

0
06 (s)

Given the functional form (23) for the utility function, we have for (8)

(L=p(s)mo+p(s)m)ag(s)* 0 [V (w) =V (b(s),s)] =1 &
6 (s) = {((L=p () o + p(s)my) ab® [V (w) =V (b(s) , )]}/

With (26), we obtain the expression (A.4) in the main text.

p(p(s),0(s)0) = ((1=p(s)mo+p(s)m)as(s)* 6

38Both authors are at the Mainz School of Management and Economics, University of Mainz, Jakob-
Welder-Weg 4, 55131 Mainz, Germany. Fax + 49.6131.39-23827. andrey.launov@uni-mainz.de, phone +
49.6131.39-23233. klaus.waelde@uni-mainz.de, www.waelde.com, phone + 49.6131.39-20143.

39The assumption of a passive Bayesian learner is implicit in this derivative: The effect of more effort on
the evolution of the belief is not taken into account.
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A.6.2 The Bellman equation for vacancies

Consider a vacancy for a job of type k. Its present value in t is given by
V (m (1) = By [, e ?l"=tm, (1) dr where profits are chosen as state variable. The latter fol-
low dry (t) = (7k + 7v;) dgi (t) with arrival rates v and the initial condition is 7 (t) = —7,.

In words, when a vacancy is open at t, it creates instantaneous costs of v,. With a certain
arrival rate vy, however, an individual with characteristics k£ will arrive. Profits then in-
crease from —v, to m; where 7 are instantaneous profits made by this firm if the job is
filled with an individual £. When we rewrite the present value in a recursive way, we obtain
pV (mi () = =y + v [V (mr) = V (—=7;)] . Defining Jo, = V (—v,) and Jp = V (7x), we
obtain

pJok = Yk + Vg [Jk — JOk} .

The arrival rate v, that any vacancy is filled by an unemployed worker of type k is
given by the average over all individuals of their rate of finding a job times the number of
unemployed of type k divided by the total number of vacancies of type k,

Uy _

Vi = Vk,uk'

The average fi,, is computed as in (11). Noting that there is one 6}, for each group and using
the expression from (4), we get
v = 0} fiy-

The Bellman equation for a vacancy therefore reads
pJor = =y, + 05 g [T — Jor] - (B.1)

A.6.3 Nash bargaining

In this section we derive the wage equation (13). In spirit, the derivation in this subsection
closely follows the steps in Pissarides (1985) for risk-neutral agents or Lehmann and van der
Linden (2007) for risk-averse agents.

Our derivation focuses on industry wide unions, allows for risk-aversion and benefits being
determined by a replacement rate. Reflecting the institutional setup in Germany and many
other OECD countries, we stipulate that Ul payments are given by by = £y ywy, from (3)
adapted for a skill group k. This adds another derivative into the wage setting equation.

e Preliminaries

To make this derivation self-contained, we replicate the Bellman equations from the main
text. The Bellman equation of an employed worker of group k is given by

PV (wy (1) = u (wy, (1)) + V (w (1) + A [V (B (0),0) = V (wy (¢))] (B.2)

where unemployment benefits by (0) at the instant the worker loses the job are now propor-
tional to the wage wy, (t) earned an instant before losing the job,

b (0) = £ (0) wg (t) - (B.3)
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The Bellman equation for the unemployed worker from (7) with index k reads

PV (b (5),8) = w(bi (5), &y (5))+V (bi (5), 8) (S5 (5) O i (5)) [V (wi (8) =V (b (S()é i))} :

we® and is

11—k

pJ (7“1”’“_(’2) = Ay — 1{),:(2 + (Qf’“_(z) + Ao {J% .y (?”“_@)} (B.5)

and the dynamic version of the equation for vacancies (B.1) reads

The value of an occupied and vacant job to a firm depends on the gross wage
given by

. [ wy (T
k — K

Computing partial derivatives of V (wy (t)) and J (“{’f}?) with respect to wy () using
(B.2) and (B.5) we get

oV (we (1) 1

Owe () p+ dwy (1)
= +1>\k [thy, (Wi (1)) + XV (€ (0) wy (2) ,0)] (B.7)
07 (4:4) X
dwp(t)  (T—n)p+ M (B.8)

3V(€(§0)1tzk)(t),0)
Wi t
it is the only new term. In order to compute it, insert & (0) wy (¢) from (B.3) into (B.4) and

evaluate it at s = 0. This gives

PV (€ (0)wy (8),0) = (€ (0)wy (t), 5 (0)
+ V() wy (£),0) + 1 [V (wy (t)) = V (£ (0)wy (£),0)] &
u (€(0) wi (1), ¢ (0)) + V (£(0) wy, (£),0) + oV (4 (1))

V(€ 0) w (1), 0) = e ,

Compared to a setup with fixed unemployment benefits, the term is new - and

where we use
to = . (¢, (0) Ok, po) (B.9)

for this appendix and where py is the initial belief introduced just before (27). The new term
%}W describes the effect of the bargained wage on the value of becoming unemployed.
As unemployment benefits are proportional to the wage, this link is taken into account in a
bargaining process. We assume, however, that the wage bargained for the current job does
not have an impact on the “next”wage, i.e. the wage a worker would earn once he went
through an unemployment spell. In order to be clear on the difference between the wage

being bargained for the current job and the wage in the next job (and thereby to correctly
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compute derivatives), we denote the wage for the next job by @ in this equation. Hence, the
derivative with respect to the wage for the current job becomes

IV (£(0) wy (1), 0) w (€(0) wi (1), 65, (0)) + Vi (€ (0) wic (¢) , 0)
Owg (t) P+ ko '

= Vi) (£(0) wy (1) ,0) =

(B.10)
Computing now differences in changes, (B.2) and (B.4) imply

V(wy (1)) =V (bi (5) . 5)

= pV (wi () — u (wi (£)) = M [V (£ (0) wi (1) ,0) =V (wi (£))]

—pV(bk(S),S)Jru(bk( ) &k (8)) + py, (D (5) O, i (5))
p [V (wi (£) =V (i (s), )] + A [V (wi (1)) =V (£(0)

+ hye (Dk (5) Ors i (8)) [V (wi (8)) =V (bi () 5 8)] = w (wie (£)) +u (bg (), @ (5)) -

Evaluating this at s = 0, we get

V (wi (1) =V (0. (0),0) = {p+ s} [V (wi (£)) =V (b, (0) ,0)] (B.11)
FA [V (wr (1)) = V(€ (0) wy (t),0)] = w (wi. (£)) + u (b (0), ¢ (0))

Similarly from (B.5) and (B.6),

wi. (T
p@——vﬁ%ﬁ% [J(l“ )> —J()k],
k — KR

(5w (2) a2 n oo (22)
(pJOk + 7 — g—: {J (f’“_@) - JOkD

{p+)\ + g—:} {J <11”’“_(2) - JOk] _ A a”k_(zz v (B.12)

e Nash bargaining

The union and the firms agree on the wage that maximizes the weighted surplus
8 wy, (t) 7
S=(V(wy (1)) =V (b (0),0)" ( J 1. ) o Ly (1) (B.13)
With logs, this reads

InS = Bn(V (wg (t)) — V (b (0),0)) + (1 — B)In (J (1

) - Jok) +1InLy ().

The first order condition with respect to wy, (t) reads

oS 1 oV (wi(t) | o7 (4:9)
dor® Vo ) =V o (@.0) dwer) L D

o4



from which follows that

OV (wg (1)) wy, (t) B 0J (%@)
iy U (T25) ) = =09 G IV () -V 60 ,o(>]]3.14)

Note that the steps for Nash bargaining so far are not affected by the assumption on how
unemployment benefits are determined - relative or absolute.
Inserting partial derivatives from (B.7) and (B.8) into (B.14), we obtain

Bl (0 () + Vo (€ 0w (0,00 (7 (42) = ) = 220 w0 - v @ 00,01
(B.15)
e Obtaining an expression without value functions

To solve for wy (t) we need to consider the time derivative of (B.15) in which we will
substitute out the values of all the states. Differentiating (B.15) with respect to ¢ we get

1—x

9 [t (w0 + 2T (6 ©)1.0,0)] (7 (£22) -

1—x

8 1 0) 4 A (€O ().0) (7 (122 — i)

- ii [V (wy, (£)) — V (by, (0) ,0)] (B.16)

Inserting (B.11) and (B.12) into (B.16), we get

8 [t () + 0T (€ 0w 0),0)] (7 (242 - )

1—x

8 0) 4 A (€0 (600 (£ e+ g 0 |7 (2] = ) = 4y 20 )

= 0 o+ oIV (n (60) = V (0 (0), 0)) + AV e () — V (€ 0) e (1), 0)]

T e () — w (5 (0) 0, (0) (B.17)

e Steady state considerations

So far, derivations were perfectly general. We now continue in our derivation of a wage
equation by exploiting properties of the steady state. In a model with infinitely living agents,
the steady state with sufficiently long history of job transitions implies by (0) = £ (0) wy,
where wy, is the the steady state wage solution. Furthermore absence of time dimension
implies

Uy (W () =0, Vi (£(0)wy (£),0) =0 and

Vi (£ (0)wy, (t),0) = Vi, (€(0) wg,0) = Uy (b’;)(jz)llsbk (0))

95



from (B.10). Thus the steady state counterpart of (B.17) is with (B.10)

[t B (€ B () o] a2 )

1—k 1

T N o} [V () = V (b2 0),0)] = 1 [ — b (0) 4 0)):

(B.18)
The steady state counterpart of (B.15) implies that the difference between V' (wy) and
V (b (0),0) is

V() =V (00 (0),0) = 517 L (i) + 2P QL O] (5 (e ) ),
Inserting this into (B.18) gives

5 |t () + 0, PR O (g Bed g (25 ) = | =t 125 )
ot e A BOO] () )
() — u (04 (0), 0, (0)).

and rearranging we get

[t A () 1) ()

—ﬁ{%Aww+nﬁ”“ﬁ?;%m”]Pk‘f? +%1_1:fm@@_uwﬂmﬂmmm.

Applying the free entry condition Jor, = 0 in the form of J (f‘i’“ﬁ)

L) = Vg—z’c from (12) and
substituting this into the above equation, we obtain
Uy, (bk (0) , & (O))} Vibk {#k }
Uy, (WE) + A k k Pk
’ [ () ’ P+ i e Ok o
U, (b (0), @ (0 w 1-p
-5 [uwk (1g) + Ay ’;(+)MO 3 ”] {Ak e +vk} D ) 0 0), 0, 0))

1_
18 wlw)—ue,6,0) [, we . ub
- 1—ﬁm%ww+£ﬁwAm®%m®D_5L% e

o
_ u(wi) — u (b (0), ¢4 (0)) _3(1—k Y0k
& ) )+ e (0,0 0) ) A )

k

& ﬁ[vk—fyg—ekﬂo}zﬁ[Ak_ wkHJF%} 1= u(w) —u(bk(0), ¢ (0)

L= Ky, (wg) + 2y, (b (0), ¢ (0))

ptig
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where by, (0) = £ (0) wy.
If we reintroduce g, (¢, (0) O, po) for p, from (B.9) and furthermore define generalized
marginal utility
Ak
P+ iy, (¢4 (0) O, po)

the wage equation can be more conveniently written as

My, (wk7 bk (0) 7¢k (0)) = Uy, (wk) + Uy, (bk (0) 7¢k (0)) ) (Blg)

(1= B)u(wk) + By, (.) wg
= (1= )1 b (0), 6 (0) + 5.1 = k), () | As e (04 0) )| (B20)
Replacing by (0) by by, as implied by (2), we obtain the wage equation (13) in the text.
e Numerical version

For the numerical implementation, we use (23) with by (0) = £ (0) wy, from (3) and write

U Ok 9 bk(oﬁ%—%(o)
g (5 (0), 6y (0)) = 20l (@0 (0) ( )

owy, Owy,
0 (Lo g, (0)  pleun' e
B Owy, B Owy, = (0w

This allows us to express (B.19) as

1—0
My, () = wp7 + al E(O)I_U w7 = <1 + —/\kg (0) ) w,

P+ o

and the wage equation as

1-p 0
2 0 ) = 00,6 (0)) ) = (1= ) [t ] | =0 s
1—-B (w,7=1 by —1
o) ( l1—0 1—0 +¢: (0)
Ak — wk/ (1 — /i)
+ My, () {wk —(1—-k) {Ak + P || =0, (B.21)

where the last step also used (A.11) written as Vgi’“ = A’“_Z’jf\g_”) and we used p, from (B.9)
as above.
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A.6.4 Matching functions and individual arrival rates

Let us now use an alternative assumption to (4), i.e. let us assume 6 = V/(QU) where
Q= [p(s)p(s)” f(s)ds as in the main text. As Poisson processes are additive, the match-
ing rate is given, as before, by m (N — L, V) = (N — L) [ u(s) f (s) ds. Inserting (24) where
0 is now 0 = V/ (QU) , we get

m(N-LV) = <N—L>/p<s>[qﬁ(s)@]af(s)ds:mfv—uea

= Q[N — L] <%)a = Q[N —I] (ﬁ)a = (Q[N — L) ve

The difference in the aggregate matching function is therefore simply the power 1 — o now
applied also to €2. This is clearly a qualitative difference. As stressed in fn. 26 in the main text,
however, we do not believe that this alternative definition of § will be of major quantitative
importance.

A.7 Equilibrium properties
A.7.1 Deriving (A.5) in block 1

Given optimal effort from (A.4), the Bellman equation for the unemployed (7),

o 066)9) = max fu s 6).0 )+ D 0000 )V () -V 066), 9]

(s)
and the subjective arrival rate u (¢ (s)6,p(s)) =n(s)[¢(s) 0] from (25), we obtain

n dv (b(s),s)

PV (b(s),8) = u(bls) 6 (s)) + =

+1(s) ¢ (s)" 0% [V (w) =V (b(s),s)].

Inserting the utility function (23) and effort ¢ (s) = {an (s) 6% [V (w) — V (b(s), s)]}/
from (A.4), the Bellman equation reads

W) = M ()6 ) - v ((s) o0 D)

+1 () {om (5) 0 [V (w) = V (b(s), )]} 0 [V (w) = V (b(s) ,5)].
Now write
n(s){an (s)0° [V (w) =V (b(s), )]} 0 [V (w) =V (b(s), 5)]
= ()07 /0 RV (1) — V(b (5) )]0

The Bellman equation can then be written as

% —{am ()6 [V (w) = V (b(s), )}/ + %&S)S)

1 ()07 (@) TV (w) = V (b (s),5)]

pV (b(s),s) =

o8



Now we use

—an(5) 10 4 (507 ()
= (S)l/(l—a) ea/(lfa) [_al/(lfa) + Ckoz/(lfoz)] = (8>1/(1—a) ea/(lfa)al/(lfa) |:_1 + a*l]

-« —a) pa/(l-a —a l—a & —a
=y ()0 el ) = S (g () ) O

and find

b(s)' ™7 — 1+dV(b(s),s)+1 -«

1—0 ds (om (5) ga)l/(l_a) [V (U)) S Ve (b (S) : S)]l/(l—a) '

pV (b(s),s) =

The Bellman equation in differential notation therefore reads
dv (b(s),s) b(s)lfa—l_l—oz
ds l—0 Q@

which is (A.5) in the main text.

=pV (b(s),s)— (an (5) 0TV (w) = V (b(s), s)] 7.

A.7.2 Deriving an expression for V (by;,0) for block 1

This derives the expression for V' (byr,0) used in the numerical implementation.
From (A.8) with (A.9), write as

wl=o_1
V(w) = —=2 +i‘; St 0),
p

we get

pV (bua) =

i 1/(1—«
b[l];a -1 1 w —1 + AV (bUI, O) - (b ) /( )
1—o UA .

—« a1l/(l—a) | " 1-o
0
+ - {an,0“} [ P

Solving this for V' (byy, 0) yields

1-o o Ca

PV (boa) = M [ W o) 1

o (o 0° /0 FE — V (bua) &

. l—«
(p+\) Y (o) - B Vo | = o) e
P lea {anoea}l/(l—a) UA - 1—0o Ul
1 pV (b A) blUiAU?l o wl—o 1
UA) — 15 —

Vbur,0) =+ {0+ A | | P +V (boa) | =

A.8 The reform and economic growth

Figure 8 shows aggregate effects of the reform (simultaneous reduction of UA payments by 4
and entitlement length §) combined with a positive productivity shock.
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Figure 8 Aggregate effects of UA payments by a and entitlement length §

Figure 9 shows welfare implications effects of the reform combined with a positive pro-
ductivity shock. For discussion see towards p. 33 in the main text.
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Figure 9 Aggregate effects of UA payments by and entitlement length §
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